We define the notion of a power stable ideal in a polynomial ring R[X] over an integral domain R. It is proved that a maximal ideal χ M in R[X] is power stable if and only if P t is P -primary for all t ≥ 1 for the prime ideal P = M ∩ R. Using this we prove that for a Hilbert domain R any radical ideal in R[X] which is a finite intersection G-ideals is power stable. Further, we prove that if R is a Noetherian integral domain of dimension 1 then any radical ideal in R[X] is power stable. Finally, it is proved that if every ideal in R[X] is power stable then R is a field.
INTRODUCTION
All rings are commutative with identity ( = 0). For a subset S of a ring R, id(S) shall denote the ideal of R generated by S and for an ideal J in R, R J shall denote the J−adic completion of the ring R. If I is an ideal in R[X], then for any a(X) ∈ R[X],ā(X) will denote the image of a(X) in R[X]/I. In [2] , we define an ideal I in a ring R almost prime ideal if for all a, b ∈ R, ab ∈ I − I 2 either a ∈ I or b ∈ I. While trying to prove that all ideals in Z Z[X] are almost prime we required that for an ideal I in Z Z[X], I ∩ Z Z = nZ Z implies I 2 ∩ Z Z = n 2 Z Z. This, however, was not true. The property seems interesting in itself and is the basis of our definition of power stable ideal in a polynomial ring R [X] . For an integral domain R, an ideal I in R[X] is called power stable if I t ∩ R = (I ∩ R) t for all t ≥ 1. Hereafter, a ring R shall always denote an integral domain. In this note we initiate the study of power stable ideals. We prove that a maximal ideal M in R [X] is power stable if and only if for the prime ideal P = M ∩ R, P t is Pprimary for all t 1 (Theorem 3.7). This result is used to prove that if R is a Hilbert domain then any radical ideal in R[X] which is a finite intersection of G-ideals is power stable (Theorem 3.10). Further, it is proved that if R is a Noetherian domain of dimension 1 then any radical ideal in R[X] is power stable (Theorem 3.11). We also prove that if every ideal in R[X] is power stable then R is a field (Theorem 3.14).
Observations On Definition
We define: First we make some general observations. Lemma 2.5. Let I be an ideal in R[X], and I ∩ R = J. Then I is power stable if and only if the natural homomorphism
is monomorphism of graded rings.
Proof. If I is power stable, then I n ∩ R = J n for all n ≥ 0. Hence
Therefore φ is a monomorphism. Conversely, let φ be a monomorphism. Then
We shall prove that I n ∩ R = J n for all n ≥ 1 by induction on n. Since φ is monomorphism the statement is clear for n = 1. Let n ≥ 2. By induction assumption, 
is a monomorphism.
Proof. First of all, note that
n is a monomorphism, and the diagram :
n is commutative where vertical maps are quotient maps. This set up induces a natural monomorphism
On the other hand, if I is not necessarily power stable, α n still exists and the diagram above is commutative. Thus the set up induces a homomorphism from R J to R[X] I . Now it is easy to see that if this homomorphism is a monomorphism then I is power stable.
Further, it is clear that (I
is power stable if and only if I P is power stable in R P [X] for all P ∈ Spec R.
Proof. If I is power stable then for any prime ideal P in R, I P is power stable since localization commutes with intersection and powers. Further, we always have (I ∩ R) n ⊂ I n ∩ R. If I P is power stable for a prime ideal
i.e., I is power stable.
is generated by a regular element then I is power stable ideal.
Proof. By assumption on
is a regular element. We shall prove by induction on t that
Now, as e ∈ I t , we have
Hence I t ∩ R = d t R, and the result follows.
Corollary 3.4. Let R be a principal ideal domain. If P is a prime ideal in R[X], then P is power stable.
Proof. We have either P ∩ R = (0) or Rp where p is a prime element in R.
As any non zero prime ideal in R is maximal ideal, the proof is immediate from the theorem.
Theorem 3.5. Let for an ideal I in R[X], I = id(J, f (X)) where J is an ideal in R and f (X) ∈ R[X] is a monic polynomial of degree greater than or equal to 1. Then I is a power stable.
Proof. To prove the result we have to show that I t ∩ R = J t for all t ≥ 1. Let us first consider the case t = 1. If λ ∈ I ∩ R, then we can write
where a(X) ∈ J[X]. Reading off this equation in R/J[X], we get
Hence I ∩ R = J, and the result follows for t = 1. Now, let t > 1 and λ ∈ I t ∩ R. Then we can write
where a(X) ∈ J t [X] and h(x) ∈ J[X]. As in the case t = 1, reading off this equation in R/J[X], we conclude, c(X) ∈ J[X] and λ ∈ J. Hence we can write
where a(X) ∈ J t [X] and b(X) ∈ J[X] such that no coefficient of b(X) is in J t . Now, if a 0 is leading coefficient of a(X) and b 0 is leading coefficient of b(X), then a 0 + b 0 = 0. This implies b 0 ∈ J t . A contradiction to our assumption. Hence λ ∈ J t . Therefore I t ∩ R = J t = (I ∩ R) t .This completes the proof. (t) = P t for all t ≥ 1 i.e., P t is P -primary for all t ≥ 1.
Proof. Let M be power stable. As M t is M-primary for all t ≥ 1, M t ∩R = P t is M ∩ R = P -primary for all t ≥ 1. Conversely, let P t be P -primary for all t ≥ 1. If P = (0), there is nothing to prove. Hence, let P = (0). Then as
Thus the result is proved.
Remark 3.8.
(1) In the reverse part of above result it is not used that M is maximal. Thus if P is a prime ideal in R[X] and for p = P ∩ R, p t = p (t) for all t ≥ 1, then P is power stable. Further, note that if P is a power stable prime ideal in R[X], then for p = P ∩ R, p t need not be p-primary for all t ≥ 1. This is clear since for any p ∈ Spec R, P = p[X] is power stable prime in R[X]. Thus if p t is not p-primary, we get the required example. (2) If R is a Hilbert domain then any maximal ideal in R[X] is power stable. In particular, if K is a field then any maximal ideal in the polynomial ring K[X 1 , · · · X n ] is power stable.
We now give an example to show that, in general, a maximal ideal in R[X] need not be power stable. In view of Theorem 3.7, it suffices to give a G− ideal P in R for which P n is not P − primary for some n ≥ 1. The example below was suggested by Melvin Hochster.
Example 3.9. Let K be a field and Y, Z, W be algebraically independent elements over K. For an algebraically independent element T over K, consider the K− algebra homomorphism :
It is easy to see that P is a G-ideal. Further, we have
Clearly W ∈ P and it is easy to check that Q ∈ P 2 . Thus P 2 is not P −primary. Hence for the integral domain
, there is a maximal ideal M in the polynomial ring R[X] such that M ∩ R = P and M is not power stable. 
As R is Hilbert ring, M i ∩ R = m i is maximal ideal in R. Now note that for any t ≥ 1, Proof. If I ∩ R = (0), there is nothing to prove. Hence, assume I ∩ R = J( = 0). Since I is radical ideal in R[X], J is a radical ideal in R. As R is Noetherian domain of dimension 1, we have
where M i 's are maximal ideals in R. Thus it is clear that for any prime ideal P in R either J P = R P or J P = P R P . Therefore, since I P ∩ R P = J P for every prime ideal P in R, by Corollary 3.6, I P is power stable for any prime ideal P in R. Hence by Lemma 3.2, I is power stable.
We shall now show that in case R is of dimension 1, a non-radical ideal in R[X] need not be power stable. In fact, we shall give an example of a primary ideal in R[X] which is not power stable where R is a principal ideal domain. This example was given by Melvin Hochster( personal communication) for R = Z Z. We learnt this via Stephen McAdam.
Example 3.12. Let R be a P.I.D. and p be a prime in R. Then I = id(X 2 − p, X 3 ) is not a power stable ideal in R[X].
This implies p is a unit, which is not true. Thus step 1 is proved.
Step 2. p 3 ∈ I 2 ∩ R We have I 2 = id(X 4 − 2pX 2 + p 2 , X 6 , X 5 − pX 3 ) Now X 6 − X(X 5 − pX 3 ) = pX 4 ∈ I
